• Network design for smart grid.
Introduction
Something is changing in the way energy is both produced and distributed, due to the combined effects of technological advancements and the introduction of new policies. In the last decades a clear trend has invested the energy sector: that of unbundling. This is, the process of dismantling monopolistic and oligarchic energy system, by allowing a greater number of parties to operate in a certain role of the energy sector and market. The goal of unbundling is that of reducing costs for the end-users and providing better services through competition (e.g., Refs. [1, 2] ). From the technological perspective, new energy generation facilities (mainly based on renewable sources) are becoming more and more accessible. These are increasingly convenient and available at both the industrial and the residential scale [3] . The new actors operating in this scenario, who are both producers and consumers of energy, also known as prosumers, are increasing in number and will most likely demand a market with total freedom for energy trading [4] . In this future setting, the main role of the high voltage grid will change, leaving more space and relevance for the distribution grid (i.e., medium voltage and low voltage). In fact, the energy interactions between prosumers will increase and occur at a rather local level, therefore involving the low and medium voltage grids, inevitably calling for an upgrade of the enabling distribution infrastructure in order to facilitate local energy exchanges. This vision for the infrastructure is comparable to a ''peer-to-peer'' system on the Internet, rather than the current strictly hierarchical system. But how will the infrastructure evolve or change to enable and follow this trend?
The starting point of our study is to assume that the infrastructure must change to accommodate the new way of producing and distributing energy [5] . The tool for our investigation is that of Complex Network Analysis (CNA) [6] [7] [8] [9] . In particular, in the present case we use CNA as an engineering tool to synthesize networks using topological models coming from the literature of modeling the evolution of technological, infrastructural and social network. Our goal is to provide a methodology to support the change by statistically looking at how the current infrastructure should evolve and estimating the benefits of the evolutions while keeping an eye on the associated costs. In a nutshell, we intend to provide the foundations for a decision support system for high level planning the upgrade of the distribution network. We base our study on actual samples of the Dutch grid and previous results that provided an initial economic analysis of the possible barriers from an infrastructure point of view to delocalized trades [10] . The present paper considers growth models for network topologies providing an analysis of which models suit best the purpose of local energy exchange. In order to evaluate the adequacy of the generated networks, we develop a set of metrics, based on CNA literature and our own experience, that capture the various aspects that networks suited for small-scale energy exchange need to satisfy. It is then quite straightforward to compare the results of the synthetic models with the real samples and, on that ground, propose network models that best suit a prosumer-based local energy exchange. Finally, a quantitative evaluation of how the improvement in the topology directly influences electricity transport prices is then possible considering the metrics defined in the literature. In simple words, we look at the possible evolutions of the current grid that would make most sense to achieve the vision of a smart grid from the point of view of the prosumer. The study is statistical and can provide a budgeting and decision support tool for governments and utilities.
We remark the novelty of this proposal with respect to previous CNA studies of the power grid. In the survey work [11] , it is emphasized that the use of CNA is mainly on the high voltage networks to get information on resilience to failures, while the medium and low voltage grids have been mostly neglected. Another novelty is the use of CNA not as a tool for pure analysis of the existing infrastructure, but to exploit it as an infrastructure design tool. Using Graph Theory in the design of distribution systems is not completely new, several studies have incorporated Graph Theory elements in operation research techniques for grid planning [12] , but never, to the best of our knowledge, has Graph Theory been combined with global statistical measures to design the grid. In addition, we ground the design methods into investments by taking into account the costs of grid cabling based on the types of cables typically used in real distribution networks (i.e., Northern Netherlands medium and low voltage network samples). The exploitation of the advancement in network studies and topology provides a new way of looking at the development of the power grid infrastructure. A future grid that will have much of its production decentralized will call for an adequate infrastructure whose topology and development has to take advantage of the modern development of network models and network metrics to analyze its properties. In addition to the physical constraints dictated by the Kirchhoff's laws, the grid will have to obey a set of metric and constraints coming from the scientific approach at studying networks to have an efficient and optimized infrastructure. In summary, the paper discovers which topologies according to CNA-based metrics are best suited in terms of performance and reliability of the infrastructure for a local energy exchange, gives an estimation of the cabling cost for the realization of such topologies and assesses the advantages from the electricity distribution point of view of the proposed topologies compared to the current ones. From the point of view of Power Systems, we propose a new way to look at distribution grid planning. Our proposal is to consider statistical tools for estimating benefits and costs of upgrading the infrastructure. This can be a high-level decision-support tool in the hands of grid planners and governmental organizations. To the best of our knowledge, this type of approach to power grid planning, called for by the shift towards decentralized generation, is novel.
The paper-which is a condensed version of the on-line available and unpublished technical report [13] to which we refer for detailed simulation data-is organized as follows. Section 2 describes the main properties of the network models considered, while the metrics utilized to compare the properties of the various generated graphs are described in Section 3. The analysis and discussion of the results is presented in Section 4. The economic aspects of denser networks are evaluated in Section 5, while an overall discussion of the evolution of topologies is in Sections 6 and 7 reviews the related work, while concluding remarks are in Section 8. Appendix provides definitions of the metrics used in the evaluation of the models.
Modeling the power grid
We resort to complex network analysis, a branch of Graph Theory having its root in the early studies of Erdős and Rényi [14] on random graphs and considering statistical structural properties of very large graphs. CNA is a relatively young field of research. The first systematic studies appeared in the late 1990s [15, 16] having the goal of looking at the properties of large networks with a complex systems behavior. Afterwards, CNA has been used in many different fields of knowledge, from biology [17] to chemistry, from linguistics to social sciences [18] , from telephone call patterns [19] to computer networks [20] and the web, to virus spreading [21] , logistics and also inter-banking systems [22] . Men-made infrastructures are particularly interesting to study under the CNA lenses, especially when they are large scale and grow in a decentralized and independent fashion, thus not being the result of a global, but rather of many local autonomous designs. The power grid is a prominent example. In this work, we consider a novel approach both in using CNA tools as a design instrument (i.e., CNA-related metrics are used in finding the most suited medium and low voltage grid for local energy exchange) and in focusing on the medium and low voltage layers of the power grid. In fact, traditionally, CNA studies 
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applied to the power grid only evaluate reliability issues and disruption behavior of the grid when nodes or edges of the high voltage layer are compromised, e.g., Ref. [23] .
In particular, we study models for graph generation proposed for technological complex networks. For each model we evaluate the properties of the network for several values of the order of the graph. Following our analysis of the Northern Dutch medium and low voltage grids [10] , we categorize networks as Small, Medium and Large, see Table 1 . We then analyze the properties of the networks generated from by synthetic models by applying relevant CNA metrics and combining them appropriately. In this way, CNA is not only a tool for analysis, but it becomes a design tool for the future electrical grid.
Here we look at network models that have proven successful in showing salient characteristics of technological networks (i.e, preferential attachment, Copying Model, power-law networks), social networks (i.e., small-world, Kronecker graph, recursive matrix) and natural phenomena as well (e.g., Random Graph, small-world, Forest Fire) to investigate which one is best suited for supporting local-scale energy exchange from a topological point of view. Next we provide a brief introduction to all the models used in the present study, while a more in-depth presentation is available for instance in Ref. [24] or [25] . A graphical representation of the topological models generated is shown in Fig. 1 .
Random Graph. A Random Graph is a graph built by picking each possible pair of nodes and connecting them with an edge with probability p. It was formalized in the pioneering studies of Erdős and Rényi [14] .
Small-world Graph. The small-world phenomenon became known after the works of Milgram in the sociological context [18] who found short chains of acquaintances connecting random people in the USA. More recently, the small-world characterization of graphs has been investigated by Watts and Strogatz [26, 15] , who showed the presence of the small-world property in many types of networks such as actor acquaintances, the power grid and neural networks in worms.
Preferential Attachment. The preferential attachment model represents the phenomenon happening in real networks where a fraction of nodes has a high connectivity while the majority of nodes has small node degree. This model is built upon the observation by Barabási and Albert [16] of a typical pattern characterizing several type of natural and artificial networks.
R-MAT. R-MAT (Recursive MATrix) is a model that exploits the representation of a graph through its adjacency matrix [27] . In particular, it applies a recursive method to create the adjacency matrix of a graph, thus obtaining a self-similar graph structure. This model captures the community-based pattern appearing in some real networks.
Models independent from the average node degree
When generating certain models there is no explicit dependence on the average node degree, these include Random Graph with power-law model, Copying Model, Forest Fire and Kronecker Graph which are presented next. Some of these models produce networks with power-law node degree distribution. Power grids infrastructures do not follow power-laws in the degree distribution, but rather an exponential one [28] . However, in this design phase of a future grid we do not want to exclude a topology a priori.
Random Graph with Power-law. A Random Graph with power-law model generates networks characterized by a powerlaw in the node degree probability distribution (P(k) ∼ k −γ ) having the majority of nodes with a low degree and a small number of nodes with a very high degree. Power-law distributions are very common in many real life networks both created by natural processes (e.g., food-webs, protein interactions) and by artificial ones (e.g., airline travel routes, Internet routing, telephone call graphs) [9] .
Copying Model. Replicating the structure underlying the links of WWW pages brought the Copying Model [29] capturing the tendency of members of communities with same interests to create pages with a similar structure of links.
Forest Fire. In order to capture dynamic aspects of the evolution of networks, Leskovec et al. [30] proposed the Forest Fire model. The intuition is that networks tend to densify in connectivity and shrink in diameter (i.e., the greatest shortest path in the network) during the growth process. Technological, social and information networks show this phenomenon in their growth process.
Kronecker Graph. A generating model with a recursive flavor similar to R-MAT uses the Kronecker product applied to the adjacency matrix of a graph [31] . If the Kronecker product is applied to the same matrix, therefore multiplying the matrix with itself recursively, a self similar structure arises in the graph. This model creates networks that show a densification in the connectivity of its nodes, thus providing a shrinking diameter over time. 
Network metrics
To assess the suitability of network topologies for the local energy exchange we consider requirements and metrics that the new networks need to satisfy. The metrics considered here come from the set of traditional CNA metrics and from the results obtained in the analysis of medium and low voltage power grids [10] . The novelty resides in defining bounds for the values of such metrics and evaluating the satisfaction of such metrics by the evolution/growth models of networks presented in Section 2. We set two main categories of requirements: qualitative and quantitative desiderata that the network should satisfy.
The main qualitative requirement we envision for the future distribution network is based on the modularity of the network topology. In the power system domain, modularity is advocated as a solution that provides benefits by reducing the uncertainties in energy demand forecasting and the costs for energy generation plants, as well as the risks of technological and regulatory obsolescence [3] . Modularity is usually required not only in the energy sector, but more generally in the design and creation of products or organizations [32] . It is also a principle that is promoted in the innovation of complex systems for the benefits it provides in terms of reduced design and development time, adaptation and recombination [33] . We assess the modularity of a network as the ability of building the network using a self-similar recurrent approach and having a repetition of a kind of pattern in its structure. As a global statistical tool, quantitative requirements are even more useful as they give a precise indication of network properties. Here are the relevant ones when considering efficiency, resilience and robustness of a power system. For the formal definition of the main CNA properties we refer to well-known literature on the topic e.g., Refs. [6, 7] .
• The Characteristic Path Length (CPL) [26] is lower or equal to the natural logarithm of the order of the graph:
where N is the order of the graph. The requirement deals with providing, generally, a limited path when moving from one node to another. In the grid this provides for a network with limited losses in the paths used to transfer energy from one node to another.
• The Clustering Coefficient (CC) [26] is 5 times higher than that of a corresponding random graph (RG) with the same order and size: CC ≥ 5×CC RG . Watts and Strogatz [15] show that small-world networks have clustering coefficients such that CC ≫ CC RG . Here we require a similar condition, although less strong by using a constant multiplication factor of 5. This requirement is proposed in order to guarantee a local clustering among nodes, since it is more likely that energy exchanges occur at a very local scale (e.g., neighborhood) when small-scale distributed energy resources are broadly implemented.
• Betweenness-related requirements: -A low value for average betweenness [34] in terms of order of the graph υ = σ N , where σ is the average betweenness of the graph and N is the order of the graph. For the Internet, Vázquez et al. [35] have found for this metric υ ≈ 2.5. The
Internet has proved successful in tolerating failures and attacks [36, 37] , therefore we require a similar value for this metric for the future grid. The above two requirements are generally considered to provide network resilience by limiting the number of critical nodes that have a high number of minimal paths traversing them. These properties provide distributions of shortest paths which are more uniform among all nodes.
• An index for robustness such that Rob N ≥ 0.45. Robustness is evaluated with a random removal strategy and a node degree-based removal strategy, by computing the average of the order of the maximal connected component (MCC) of the graph between two situations when the 20% of the nodes of the original graph are removed [10] . It can be written as
. Such a requirement is about twice the value observed for current medium voltage grids and 33% more than the value of the low voltage samples [10] .
• A measure of the cost related to the redundancy of paths available in the network: APL 10th ≤ 2 × CPL. (2) and P(v i , v j ) is the set containing the paths between v i and v j ; l v i ,v j ,10 is the length of the 10th minimal length of the paths between v i and v j . With this metric we consider the cost of having redundant paths available between nodes. In particular, we evaluate the 10th shortest path (i.e., the shortest path when the nine best ones are not considered) by covering a random sample of the nodes in the network (40% of the nodes, half of which represent source nodes, G ⋆ in Eq. (1), and the other half represents destination nodes, G ⋆′ in Eq. (1)). The values for the paths considered are then averaged. In the case where there are less than ten paths available, the worst-case path between the two nodes is considered. This last condition gives not completely significant values when applied to networks with small connectivity (i.e., in absence of redundant paths).
We categorize the above quantitative metrics into three macro categories with respect to how they affect the power grid, and measure the metrics' goodness from a topological point of view: through the network's efficiency in the transfer of energy, its resilience in providing alternative paths if part of the network is compromised/congested, and its robustness against failures in network connectivity. Table 2 summarizes the property each metric assesses. Each metric gives a specific contribution and all the metrics together cover all the properties a smart grid infrastructure should have.
Generating smart grids
The baseline network for comparing possible evolutions must be the real current power grid network. Therefore, we use actual samples from the medium and low voltage network of the Northern Netherlands (for a complete description of the data we refer to Ref. [10] ). Table 3 in Ref. [13] summarizes the values for the network metrics applied on the Dutch network samples. We notice that the average degree of the medium and low voltage samples scores almost constantly around ⟨k⟩ ≈ 2, independently of the order of the network. In the low voltage networks we see a tendency towards the increase of the characteristic path length, with a value of about 18 when the order and size tend towards 200 nodes and edges, respectively. This metric does not have the same clear tendency for the medium voltage samples. Considering the clustering coefficient there is a general rule appears: a null value for the low voltage samples and small, but at least significant, values for the medium voltage samples. These differences in both characteristic path length and clustering coefficient come from the difference in topology of the two networks. A low voltage network is almost a non-mashed network which resembles (for certain samples) trees or closed chains with longer paths on average, especially for networks with bigger order. On the other hand, the medium voltage network is more meshed (despite having the same average node degree) with more connections that act as ''shortcuts''. It also has some redundancy in the connections between the neighborhood of a node, which implies a more significant clustering coefficient compared to the low voltage network. The analysis of the robustness metric shows generally poor scores that decrease while the samples increase in order, at least for the low voltage networks, while the tendency is not clear for the medium voltage samples considered. A common behavior for the medium voltage samples is the problem they experience with regard to the maximal component connectivity, when the 20% of the nodes with the highest degree are removed from the network, the order of the MCC falls to 4.56%, 3.66% and 3.96% of its initial value, respectively, for the Small, Medium and Large sample. Considering the additional effort required when the first nine shortest paths are not available, we see a general increase especially for the low voltage samples, where the APL 10th increases three times for the Large sample analyzed; the increase is still present in medium voltage, but it is limited compared to the low voltage samples. It is again an indication that the medium voltage provides more efficient alternative paths to connect nodes. An exception in the results is the low voltage Medium size sample: here the 10th average path length is very close to the traditional characteristic path length. This is due to the absence of alternative paths, therefore the only paths between nodes are at the same time the best and worst case. Such aspect reinforces the idea of a low voltage network with a fixed structure (similar to chains or trees) and a limited redundancy. Considering the betweenness-related metrics shown in Table 4 in Ref. [13] , one notices an increase in the average betweenness as the samples become more numerous in the two segments of the network (i.e., medium voltage and low voltage). This same tendency is present also in the average betweenness/order ratio: the biggest samples in terms of order both of low voltage and medium voltage score highest. In particular, the Large sample belonging to the low voltage is almost twice the value of the biggest sample of the medium voltage. Again this can be justified by the tree-like structure of the low voltage sample, for which nodes responsible for the paths that enable sub-trees or sub-chains to be connected are the highest scoring for betweenness. This highly increases the average betweenness (while the mode is usually null). The coefficient of variation is above one for all the big samples and reaches almost three for the biggest sample belonging to the medium voltage network.
Model parameters
To model the future power grid, we compare network topologies that evolve in size (M) and order (N). In particular, we consider the increase of the average node degree (⟨k⟩ = 2M N ). The evolution implies new cables and costs. For the Random Graph, small-world, preferential attachment and R-MAT models, we consider an evolution in the magnitude of the average node degree of ≈2 then ≈4 and ≈6. For models that do not allow explicit settings of both size and order, we operate on other parameters available that generate comparable networks. Each of the models introduced in Section 2 is defined by a set of specific parameters. For the details of the parameters used in generating each model we refer to Ref. [13] .
Model generation
Each network model described is generated and analyzed according to the significant power grid metrics described in Section 3. We begin with the models for which it is possible to explicitly assign order and size (or one of these quantities and the average node degree); we then proceed analyzing the other models that do not explicitly allow to set the average node degree parameter.
Model generation implementation and metrics computation. The generated topologies are obtained using the Stanford Network Analysis Project (SNAP) 1 library that enables the generation of the network topologies described in Section 2. The analysis of the generated graphs according to the metrics described in Section 3 is performed with ad-hoc created Table 3 Metrics for small-world (SW), preferential attachment (PA), Random Graph (RG) and R-MAT models with average node degree ≈2. Table 4 Betweenness metrics for small-world (SW), preferential attachment (PA), Random Graph (RG) and R-MAT models with average node degree ≈2. software based on the JAVA graph library JGraphT. 2 The versions of SNAP and JGraphT software libraries used are respectively v10.10.01 and v0.8.1.
Comparison of models with average node degree ⟨k⟩ ≈ 2
The results for the metrics with average degree ⟨k⟩ ≈ 2 for the small-world, preferential attachment, Random Graph and R-MAT models score quite poorly, cf. Table 3 . Low values for the metrics are due to the small connectivity the networks show. Especially, we highlight the low results of the small-world model under these conditions. The betweenness analysis, whose results are presented in Table 4 , shows an average for each node that increases with the size of the graph. Table 6 Betweenness metrics for small-world (SW), preferential attachment (PA), Random Graph (RG) and R-MAT models with average node degree ≈4. Comparison of models with average node degree ⟨k⟩ ≈ 4 Table 5 shows the results for small-world, preferential attachment, Random Graph and R-MAT models with an average degree ⟨k⟩ ≈ 4. One notices that the scores for the metrics improve compared to the ⟨k⟩ ≈ 2 case. The average over the characteristic path length of all the samples reduces from around 10 to a value that is slightly less than 5. The clustering coefficient has values that are significant and all positive. The small-world model scores best in this specific metric, since it relies on the lattice topology that, with an average degree of 4, connects each node with four neighbors. In particular, 3-triangle structures emerge in each neighborhood of a node (of course before the rewiring process takes place). This provides a substantial contribution to the quite high clustering coefficient. A graphical comparison for the Large sample for medium voltage considering the characteristic path length, clustering coefficient and robustness metrics are shown in Fig. 2 .
When analyzing network betweenness, we see a general improvement in the metrics compared to the ⟨k⟩ ≈ 2 case, cf. Metrics for small-world (SW), preferential attachment (PA), Random Graph (RG) and R-MAT models with average node degree ≈6. the results of the Large sample for medium voltage type considering the average betweenness/order ratio and the coefficient of variation metrics is shown in Fig. 3 .
Comparison of models with average node degree ⟨k⟩ ≈ 6 Table 7 shows the results for small-world, preferential attachment, Random Graph and R-MAT models with an average degree ⟨k⟩ ≈ 6. The scores for the metrics considered improve even more with respect to those of Tables 3 and 5 . The characteristic path length of all the samples has reduced to a value that, considering the average over all the samples with ⟨k⟩ ≈ 6, is about 3; yet this is 2 hops lower than the situation with ⟨k⟩ ≈ 4. The same tendency for the clustering coefficient found for samples in Table 5 applies to this situation, too. The small-world model scores highest since the neighbors of a node have nine connections with each other (before rewiring), thus contributing to a high coefficient. Having increased the average degree to 6 brings benefits to the betweenness statistics too, cf. Table 8 . The benefits on the average betweenness/order ratio are about 25% higher than in the ⟨k⟩ ≈ 4 situation; this ratio therefore is now very close to the experimental values that have been found for the Internet (i.e., ≈2.5).
A more thorough analysis of these results and a detailed comparison and analysis of the models independent from average node degree have been performed and the comprehensive results are available in Ref. [13] .
Comparing the generated topologies with the physical ones
The analysis of the Northern Netherlands grid shows an average degree almost constant of about ⟨k⟩ ≈ 2. In terms of average node degree, the situation is similar for the high voltage grid based on the data describing the Eastern and Western high voltage U.S. power grid and the U.S. Western high voltage power grid. Therefore we consider it to be fair to compare the generated models with similar average degree, the Copying Model ones and the Random Graphs with power-law in node degree distribution with average node degree ⟨k⟩ ≈ 2. Generated models, except the model based on Random Graph with power-law, score better than the physical topologies for all the metrics considered; the characteristic path length scores half for the R-MAT and Copying Model cases in comparison to the real data. Also synthetic networks are more robust than the real data samples: R-MAT and Random Graph score constantly above 0.3 for robustness metric, while real data hardly obtain this value. Clustering coefficients are quite similar since in this configuration with limited connectivity having triangle structures in the network is rare, however we see that the R-MAT model has almost always significant clustering coefficient values. An exception is the small-world model which scores almost always worse than the real data samples, in fact, under this situation of such average node degree it is actually not fully correct to consider this synthetic topology a ''small-world''. The same sort of considerations can be done considering betweenness values: except the small-world model, all the other synthetic ones score better for the average betweenness/order ratio metric, while for the coefficient of variation the situation is similar. If one considers the satisfaction of the desiderata for the actual samples of the Dutch Medium and low voltage grid, summarized in Table 9 , we notice that all parameters are not satisfied. However, networks generated according to the models with almost the same average node degree (networks with ⟨k⟩ ≈ 2 in Table 20 in Ref. [13] , and networks based on Random Graph with power-law based on data from Eastern and Western high voltage U.S. power grid and the U.S. Western high voltage power grid in Table 22 in Ref. [13] ) do not satisfy all the desiderata as well. Therefore, this highlights that the first ingredient for the next generation of grids to enable local energy exchange is an increased connectivity.
Increasing the average node degree naturally provides for better values for the network metrics, as shown in Table   20 in Ref. [13] . The case of the small-world model is emblematic. The ⟨k⟩ ≈ 2 case scores extremely poorly as there are not enough ''shortcuts'' in the network so that they cannot improve much the characteristic path length. Actually, under such small average degree, the condition Watts and Strogatz impose for their model is not completely satisfied (i.e., n ≫ k ≫ ln(n) ≫ 1, where k is the average node degree and n is the order of the graph). When we move closer to satisfying the small-world condition by increasing the average node degree, the value of the metrics suddenly change and the models score extremely high. The small-world scores best for the clustering property and resilience to failures in Table 8 Betweenness-related metrics for small-world (SW), preferential attachment (PA), Random Graph (RG) and R-MAT models with average node degree ≈6. Comparing the average values of the generated models for increasing node degree, one notices a natural improvement of the metrics, cf. Table 10 . In fact, we have a reduction in characteristic path length of about 60% and an increase in the clustering coefficient of one order of magnitude; at the same time the robustness doubles. With ⟨k⟩ ≈ 6 the improvement in the metrics is less prominent, i.e., between 10% and 20%. From the comparison of the metric results in Table 20 in Ref. [13] , one sees that the small-world model almost always satisfies the desired requirement from a quantitative point of view when the average node degree is at least 4. From a qualitative point of view, the small-world model shows some modularity being generated starting from a regular lattice and then rewiring a certain fraction of the edges.
The models which are independent from average node degree perform generally worse than the other models. The adherence to the target values is shown in Table 22 in Ref. [13] . There is a general prevalence of requirement dissatisfaction, especially for parameters involving betweenness.
From the topological analysis one can see that between the models analyzed when there is a minimal connectivity (⟨k⟩ ≈ 4 or ⟨k⟩ ≈ 6) the small-world stands out, cf. Table 20 in Ref. [13] . In Table 11 , the models with explicit dependence on node degree are once again compared by assigning a ''tick'' sign (✓) for the fulfillment of each of the following properties: qualitative topological parameters (i.e., modularity), quantitative topological parameters (Table 20 in Ref. [13] ) and the thrift in network realization (e.g., addition of cables which represent a cost). The latter is just an estimation; a more detailed analysis of the cost in realizing a network of to medium or low voltage with a certain size (i.e., Small, Medium or Large) and the economic benefits in electricity distribution arising from the enhanced connectivity is provided in Section 5. From Table 11 , we conclude that networks generated with small-world model with average degree ⟨k⟩ ≈ 4 provide the best balance between modularity, performance and thrift for the future power grid.
Economic considerations
Traditionally, the problem of evaluating the expansion of an electrical system is a complex task that involves both the use of modeling (usually based on operation research optimization techniques and linear programming [38] ) and the experience and vision of experts in the field supported in their decisions by computers. With more distributed generating facilities at local scale, traditional methods have limits and need to be modified or updated to take into account the new scenarios the smart grid framework brings into play. The models that we have so far analyzed as being candidates for the vision of the 
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future smart grid need also to be evaluated from the economic point of view. How much will it cost to generate electrical infrastructures according to these models? What is the actual cost of adding a physical edge to the topology?
The cost of adding edges
One important difference that a physical infrastructure such as the power grid has compared to the WWW or social networks is the physical presence of cables that have to connect the medium voltage substations or low voltage end-users' generating units. If establishing a link from a Web page to another one is free, each increase in connectivity in the power grid implies costs in order to build or upgrade the substation or end-user premise involved and the cables required for the connection. To assess these costs in the medium and low voltage infrastructure, we consider a simple relation where the cost of cabling and cost of substations are added:
where C impl stands for cost for implementation, Ssc j is the adaptation cost for the substation j and Cc i is the cost for the cable i. The cost of the cable can be expressed as a linear function of the distance the cable i covers: Cc i = C uc · l where C uc is the cable cost per unit of length and l is the length of the cable. Several types of cables exist which are used for power transmission and distribution with varying physical characteristics and costs. In addition, the cost for installation can also vary significantly given the difficulty to perform underground or aerial line installations due to the geographical characteristics of the territory [39] . In the present work, to provide an initial estimate, we simply consider cabling costs and ignore substation ones. While the pricing for the former is directly tied to the topology and length of the links, the pricing for the latter is too dependent on other factors such as the cost of land to expand a substation. This cost varies considerably given urban or rural locations and between different regions. As a source of data for cable type and pricing, we have been provided (courtesy of Enexis B.V. The Netherlands) with cable characteristics and prices, together with topological information, for 11 network samples belonging to the low voltage network and 13 samples belonging to the medium voltage of the Northern Netherlands, the same from which we extracted the topological properties.
Economic benefits of highly connected topologies
Once the information about cable prices is available, it is possible to estimate the cost for realizing a network with a certain connectivity and whether such networks are able to lower the (economic) barrier towards decentralized energy trading. The results for low voltage networks of Small, Medium and Large types with an average node degree ⟨k⟩ ≈ 2 are shown in Table 12 . The results for ⟨k⟩ ≈ 4 and ⟨k⟩ ≈ 6 are about two and three times more expensive, since there is an increase in the number of edges by the same quantity.
For medium voltage, the results for the networks with an average node degree ⟨k⟩ ≈ 2 are shown in Table 13 . The results for ⟨k⟩ ≈ 4 and ⟨k⟩ ≈ 6 are just two and three times more expensive since there is an increase in the number of edges by these same factors. The small difference in costs between the Medium and Large types of networks for medium voltage is related mainly to the different technologies (i.e., cable types) in the cables that are used for the types of networks that we have found in the sample data provided.
Price alone is not enough to describe future scenarios. It is important to investigate how an enhanced connectivity is beneficial to the electricity distribution costs. We have shown the benefits for more connected networks in Section 4; however, those results consider only the topology without any parameter related to the properties of the cables (e.g., resistance and supported current). In order to consider the effects of topology in electricity distribution costs, we have developed a set of metrics [10] (the α and β metrics) that associate topological properties of power grid networks to costs in electricity distribution. We have applied these metrics in the analysis of the medium and low voltage grid of the Northern Netherlands in Ref. [10] . In order to apply these metrics to power grid networks, weights are essential, representing physical quantities such as the resistance of the cable and the maximal operating current supported by the cable. Once we have the statistical information about the types and the length of the cables used in a specific type of physical network (i.e., medium or low voltage and its Small, Medium or Large size) it is possible to assign weights to the edges of the generated graphs. This is done under the assumption that the same type of cables are used and that the distances covered in general (i.e., statistically) remain the same.
We consider the α and β metrics for networks generated following the small-world model, since it has proven to be the best one in the pure topological analysis (Section 4). For low voltage network, we compute the metrics for networks with an increasing average node degree (⟨k⟩ ≈ 2, ⟨k⟩ ≈ 4 and ⟨k⟩ ≈ 6). It is not surprising to see the samples with ⟨k⟩ ≈ 2 score poorer than the other networks. The network with Medium size scores best and the difference between the network with ⟨k⟩ ≈ 6 and the network with ⟨k⟩ ≈ 4 is limited. Robustness (i.e., the β parameter) for the Medium and Large size networks reaches a high value just with a sufficient connectivity (i.e., ⟨k⟩ ≈ 4) and more connectivity (i.e., ⟨k⟩ ≈ 6) does not improve much this metric. The samples with Small size score better in the α metric, and this is quite reasonable since the paths are limited, of course due to the reduced order of the network.
Considering the α and β metrics for the networks generated for the medium voltage, the same tendency appears: once the network is sufficiently connected (i.e., ⟨k⟩ ≈ 4) the metrics score definitely better than the ⟨k⟩ ≈ 2 situation.
Let us compare the α and β metrics of the synthetic networks with the values of the real power grid samples of the Northern Netherlands. Considering the low voltage samples and the synthetic networks designed for this purpose, we generally see an improvement in the metrics, especially in the α values for the ⟨k⟩ ≈ 4 and ⟨k⟩ ≈ 6 networks. In fact, if we do not consider the synthetic networks with ⟨k⟩ ≈ 2; because of the problems of small-world topology with such small connectivity, there is an improvement on average in the α metric for synthetic samples with ⟨k⟩ ≈ 4 of more than 50% compared to the Northern Netherlands samples. In fact, for the α metric from an average of about 13 for the physical samples, the ⟨k⟩ ≈ 4 synthetic ones score about 6. The improvement is more than 60% when considering the ⟨k⟩ ≈ 6 ones where the average for these synthetic networks scores just below 5. There are improvements also in the β metric, although limited. From an average around 4 for the physical samples, the ⟨k⟩ ≈ 4 on average score just below 2.75; while a better result is obtained by ⟨k⟩ ≈ 6 which on average score 2.30 (about 40% improvement). The graphical comparison between Dutch real samples (red dots) and generated samples (white diamonds) is shown in Fig. 4 , in which each dot represents a sample in the α, β quadratic function envelope that is chosen as the type of dependence between the topological parameters and electricity transport prices. Taking into account the Dutch medium voltage samples and the small-world synthetic networks, we see an important improvement in the metrics both in the α and β values for the ⟨k⟩ ≈ 4 and ⟨k⟩ ≈ 6 networks. As already mentioned, synthetic networks with ⟨k⟩ ≈ 2 should not be considered. The improvement on average in the α metric is more than 65% compared to the ⟨k⟩ ≈ 4 synthetic samples (from an average of the α metric about 33 for the physical samples, the ⟨k⟩ ≈ 4 synthetic ones score about 11), and an improvement of more than 75% when comparing to the ⟨k⟩ ≈ 6 ones (the average of the α metric for ⟨k⟩ ≈ 6 synthetic networks scores around 7.3). There are improvements also in the β metric. In particular, from an average around 3.55 for the physical samples the ⟨k⟩ ≈ 4 score on average just below 1.15; a similar result is obtained by ⟨k⟩ ≈ 6, which on average score about 1.2 (more than 65% improvement). The graphical comparison is shown in Fig. 5 .
Discussion
Watts and Strogatz's small-world model, as shown in Tables 20, 22 in Ref. [13] and Table 11 , is the model that captures best the requirements for the new grid compared to the other analyzed, be these dependent on the average node degree (preferential attachment, R-MAT and Random Graph) or not (Copying Model, Forest Fire, Kronecker and Power Laws). The tight clustering that these models exhibit provides efficient local distribution with paths that are locally short; at the same time, the shortcuts between the local clusters are the elements that keep the average path extremely limited. These two aspects influence the α parameter which then stays relatively small. At the same time, the small-world model benefits from a general robustness against failures: the absence of big hubs that keep the network together (which are present on the other hand in the power-law-based topologies, for instance) improves the reliability against attacks which help obtaining good scores for the β parameter. More quantitatively, one sees the general improvement in the metrics characterizing both the parameters influencing the losses (i.e., the α parameter) and the reliability of the grid (i.e., the β parameter) while the network becomes more dense, i.e., more edges are added. On average, we see an improvement of at least 50% when comparing the physical samples of Northern Netherlands with the small-world networks with an average degree ⟨k⟩ ≈ 4, while better results are obtained with more density (i.e., ⟨k⟩ ≈ 6) where the improvement are 60% compared to the physical samples. This is indeed beneficial to the power grid and, according to the relationship with the topology, it should translate into a reduction in the costs for electricity distribution since the α and β metrics are composed of essential ingredients influencing electricity distribution price [10] .
These benefits come literally at a cost. The network needs more connectivity, therefore costs for extra cabling need to be considered in addition to the cost for upgrading the substations and end-users electricity gateways. A return-on-investment analysis on this aspect is beyond the scope of the present study. Nevertheless, it is interesting to see how, using the α and β metrics, it is possible to consider how a certain physical sample belonging to a certain size category (Small, Medium and Large) would improve in its performance if its topology was arranged according to the principles of a synthetic model and more connections were added accordingly.
The benefits reached for the α and β metrics should translate into a reduction in the cost for electricity transport and distribution, since the parameters that influence these metrics are directly connected to aspects related to costs. However, the significant investment required to add more connectivity in the network might not immediately enable cheaper electricity costs, but, on the contrary, make it more expensive.
On the one hand, dense networks are less vulnerable compared to less dense ones, as we have shown in the quantities that measure robustness to node failures. From a topological perspective, a more robust network reduces the costs (e.g., economic output loss) of potential outages [40] . On the other hand additional costs in equipment have to be taken into account considering, e.g., the electric line protection system and protection coordination of the distribution grid. In our vision, grids need to be more dense than the current ones, therefore more lines need to monitored and protected against currents beyond the specification limits. Methods and principles today mainly applied to the high voltage system (e.g., Ref. [41] ) will be inherited by the distribution grid to protect its lines when the distribution grid becomes more complex (e.g., distributed generation) than its current state. Thus, a balance between the additional costs of the protection systems and a reduction in the costs of local blackouts will need to be evaluated when smart grids will be implemented on the field.
Related work
Network evolution, growth and shrink processes have been studied in the field of statistical physics to characterize and model how network phenomena in nature and in man-made infrastructures emerge [42, 43] , in social sciences to evaluate the social network evolution [44, 45] , and also by computer scientists to study the evolution of the Internet [46, 35] . However, all these works only focus on the analysis and modeling of the existing grids rather than proposing how a new network topology should be (or should evolve) to maximize the benefits for members of such a network.
Complex Network Analysis related work in the power grid domain takes into account the high voltage level usually to analyze the structure of the network without considering in detail the physical properties of the power lines. In Ref. [11] , we have analyzed several works that investigate power grid properties using CNA approach. There are basically two main categories of works with the following objectives: (1) understand the intrinsic property of grid topologies and compare them to other types of networks, assessing the existence of properties such as small-world or scale-free e.g., Refs. [26, 15, 16] ; and (2) better understand the behavior of the network when failures occur (i.e., edge or node removal) and analyze the topological causes of black-out spread and cascading failures of power lines, e.g., Refs. [47, 23, 48, 49] . Few studies in the CNA landscape consider the possibility of using the insight gained through the analysis to help the power grid design. These few cases consider the addition of lines in the network to assess the increase in the reliability of the entire power grid. Examples are the study of the Italian high voltage grid [50] and the study of improvement by line addition in Italian, French and Spanish grids [51] . Also Holmgren [52] uses the CNA to understand which grid improvement strategies are most beneficial showing improvement of typical CNA metrics (e.g., path length, average degree, clustering coefficient, network connectivity), although for a very small graph (fewer than 10 nodes) when different edges and nodes are added to the network. Broader is the work of Mei et al. [53] , where a self-evolution process of the high voltage grid is studied with CNA methodologies. Wang et al. [54, 55] study the power grid to understand the kind of communication system and the related network topologies needed to support the decentralized control required by the new power grid applying CNA techniques. The simulation results are compared to the real samples of high voltage U.S. power grid and synthetic reference models from the IEEE literature. The effects of distributed and erratic generation from renewable sources, which is a key feature in the future grid is considered in Ref. [56] where cascades in several IEEE bus networks are considered due to the overload of power lines analyzed with a DC flow power model. In Ref. [57] the topic of renewable-based generation and their location on the grid is analyzed from a topological (i.e., page rank-based location of the nodes to attach the generators) and from an electrical point of view (i.e., effects on the stability of the grid). The authors show, for the Polish high voltage grid that a small amount the renewable generation is beneficial, but once a certain threshold is surpassed, it is a threat for the stability of the grid. CNA is not generally used as a design tool to propose new topologies for the future smart grid, especially at medium and low voltage level, as we use in this paper, where we also assess the benefits in terms of economical improvement.
Conclusions
In an evolving electricity sector with end-users able to produce their own energy and sell it on a local-scale market, the grid plays the essential enabling role of supporting infrastructure. Local scale energy exchange is in fact beneficial for several aspects, such as the increase in renewable-based energy production, the possibility for the end-user to make a profit by selling surplus energy and, not less important, making a step forward towards the unbundling of the electricity sector. We studied how different topologies inspired from technological and social network studies have different properties and may (or not) be adequate for the future smart grid networks. We showed that among the various models analyzed, the small-world model appears to have many appropriate characteristics, according to a set of topological metrics defined for power grids. We also showed how these topological benefits can be related to economical aspects of electricity distribution through an improvement in the α and β parameters. The underlying motivation for the present work is to develop decisionsupport techniques based on CNA metrics to upgrade the power grid to a smart grid and provide methodologies to assess the current infrastructures. In addition, it enables to predict how a change in the topology, according to a certain network model, can be beneficial for the network from an efficiency, resilience and robustness perspective.
From the industrial perspective, where a unique and clear definition of the smart grid term [58] is missing and where the standardization process is at the early stages of development, we consider that the present proposal is useful to make general decisions on how to evolve the grid and (roughly) what costs are entailed. Existing planning techniques will have to be revised in the future, especially for the distribution grid, due to the presence of advanced metering infrastructure (i.e., bidirectional intelligent digital meters at customer location) and distribution automation (i.e., feeders can be monitored, controlled in automated way through two-way communication). In addition, the medium and low voltage grid will no longer be a layer where only energy is consumed, but distributed energy generation facilities (small-scale photovoltaic systems and small-wind turbines) will be attached to this segment of the grid; altogether, these elements are likely to reshape the way planning for medium and low voltage is realized [59] and will also call for new instruments such as the one we propose here. The dynamics of the power system taking place on top of the grid topology is another relevant issue to consider. The existing literature focuses on the high voltage grid by assessing the synchronization properties through a spectral analysis of the graph [60] and how the robustness of networks are influenced by the properties of their spectrum [61] . Even closer to the practical problems is the issue of choosing control parameters and control strategies to apply to the nodes of the networks (generators) to ease the achievement and conservation of synchrony between the generators of a networked power system [62] . We do not consider these last aspects in the present work; however, we envision that the analysis of the dynamics on networks for the electrical distribution grid is an interesting area of research that deserve more precise models to bring the smart grid into the field.
Our future efforts will be devoted to realizing an engineering process that guides the evolution of current network infrastructure towards future topologies optimized for local energy exchange in the smart grid context. Our initial findings suggest that different strategies of adding links to an existing network can be used to improve the distribution grid physical samples [63] . 
Appendix. Relating topology to economic benefits of electricity distribution
In Section 5 we introduced the association of the grid topology to the cost of electricity. Here we give a thorough explanation of these concepts based on the findings of the work of Pagani and Aiello [10] , where they used these metrics to relate topological aspects and electricity cost and applied them to the existing Dutch medium and low voltage infrastructure.
The goal is to consider, from a topological perspective, those aspects and quantities that are critical in contributing to the cost of electricity as elements in the transmission and distribution networks. Economic studies have assessed the components of the cost of electricity. The studies of Harris and Munasinghe [64, 65] provide the following aspects that influence price and that are related to topology:
• losses both in line and at transformer stations, • security and capacity factors, • line redundancy, and • power transfer limits.
The topological aspects that we consider provide two sorts of measures: the first one, α, gives an average of the dissipation The functions to explicitly compute the α and β parameters can be expressed as follows:
• • Robustness is evaluated with a random-removal strategy, and the weighted-node-degree-based removal by computing the average of the order of maximal connected component between the two situations when the 20% of the nodes of the original graph are removed. It can be written as:
(A.5)
• Redundancy is evaluated by covering a random sample of the nodes in the network (40% of the nodes whose half represents source nodes and the other half represents destination nodes) and computing, for each source and destination pair, the ten shortest paths of increasing length. If there are fewer than ten paths available, the worst-case path between the two nodes is considered. To have a measure of how these resilient paths have an increment in transportation cost, a normalization with the weighted characteristic path length is performed. We formalize it as: • Network capacity is considered as the value of the weighted characteristic path length [10] , whose weights are the maximal operating current supported, normalized by the average weight of the edges in the network (average current supported by a line). That is:
(A.7)
With these instantiations, Eqs. (A.1) and (A.2) become:
(A.9)
The aspects considered here are just some of the factors (the ones closely coupled to topology) that influence the overall price of electricity. Naturally, there are other factors that influence the final price, e.g., fuel prices, government policies and taxation, etc., as illustrated for instance in the economic studies of Harris and Munasinghe [64, 65] .
